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The non-minimal coupling of the non-zero vacuum expectation value of the self-interacting
antisymmetric Kalb-Ramond field with the gravity, yielding the spontaneous Lorentz symmetry
breaking, leads to the power-law hairy black hole having a parameter s, which encompasses the
Reissner-Nordstrom black hole (s = 1). We obtain the axially symmetric counterpart of this hairy
solution, namely, rotating Kalb-Ramond black hole which encompasses, as special cases, Kerr (s = 0)
and Kerr-Newman (s = 1) black holes. Interestingly, for a set of parameters, there exists a critical
value of the Kalb-Ramond parameter (s = se), which corresponds to an extremal black hole with
degenerate horizons, while for s < se, it describes a non-extremal black hole with Cauchy and event
horizons, and no black hole for s > se. We find that the extremal value se is also influenced by
these parameters. The apparent size of shadow decreases monotonically and gets more distorted
with an increasing s. We investigate the effect of the Kalb-Ramond field on the rotating black hole
spacetime geometry and analytically deduced corrections in the light deflection angle, which turns
out to be smaller than those for the Kerr and Schwarzschild black holes. The deflection angle for
Sgr A* and the shadow caused by the supermassive black hole M87* are included and compared
with analogous results of Kerr black holes.
PACS numbers:
I. INTRODUCTION
The Kalb-Ramond field [1] appears as a self-interacting
second rank antisymmetric tensor field in the heterotic
string theory and attributed as the closed string
excitation. The non-minimal coupling of the non-zero
vacuum expectation value of the tensor field with the
gravity sector stem to the spontaneous Lorentz symmetry
violation: the ground state of a physical quantum system
is characterized by non-trivial vacuum expectation values
[2, 3]. It is found that the presence of Kalb-Ramond
field leads to many interesting implications, namely
the derived third rank antisymmetric tensor can act
as a spacetime torsion [4], topological defects lead to
the intrinsic angular momentum to the structures in
galaxies [5], affects the observed anisotropy in the cosmic
microwave background [6], provide crucial insights in
the leptogenesis [7] and so on. The Kalb-Ramond field
has been studied widely in the context of gravity and
particle physics [8, 9]. The compelling resemblance
of the Kalb-Ramond field with the spacetime torsion
ascertains that the Einstein gravity with the Kalb-
Ramond field as a source is equivalent to a modified
theory of gravity incorporating the spacetime torsion.
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The solar system based test, employed to test general
relativity, reveal that the change incurred in the bending
of light/perihelion precession of Mercury due to the
presence of the Kalb-Ramond field would produce very
tiny effects incompetent to be detected with the present-
day precision [10]. However, the possibilities of detection
in the quasars or black hole spacetimes, where the
spacetime curvature effects are strong, are still open and
will have far-reaching consequences [11].
The Kalb-Ramond field can be considered as a
generalization of the electromagnetic potential with
two indices, such that the gauge potential Aµ is
replaced by the second rank antisymmetric tensor
field Bµν associated with the gauge-invariant rank-3
antisymmetric field strength Hαµν viz., Hαµν = ∂[αBµν];
Hαµν is analogous to the Faraday field tensor Fµν [1].
The Einstein-Hilbert action non-minimally coupled with
the self-interacting Kalb-Ramond field reads [2]
S =
∫ √−gd4x( R
16piG
− 1
12
HαµνH
αµν − V (BµνBµν
±bµνbµν) + 1
16piG
(
ξ2B
µλBνλRµν + ξ3BµνB
µνR
) )
,(1)
where R and Rµν are, respectively, the Ricci scalar
and Ricci tensor and ξ2,3 are the non-minimal coupling
constants. The potential term V drives the development
of a nonzero vacuum expectation value for the tensor
field, i.e., < Bµν >= bµν , which breaks local Lorentz
and diffeomorphism symmetry. The static spherically
symmetric solution of the modified Einstein equations
2leads to the hairy black hole solution [12]
ds2 = −
(
1− 2M
r
+
Γ
r
2
s
)
dt2 +
1(
1− 2Mr + Γr 2s
)dr2
+r2dθ2 + r2 sin2 θdφ2. (2)
Here, M is the black hole mass, Γ and s are the
spontaneous Lorentz violating parameters related to the
vacuum expectation value of the Kalb-Ramond field and
the non-minimal coupling parameters viz., s = |b2|ξ2
with b2 = bµνb
µν . The power-law hairy black hole
(2) encompasses Schwarzschild solution when s = 0,
Schwarzschild de-Sitter for s = −1, and when s =
1 it resembles to the Reissner-Nordstrom black hole.
However, the non-rotating black hole can not be tested
by observations as black hole spin is crucial for the
astrophysical processes. The Kerr metric [13] is one
of the important solutions of general relativity which
represents a rotating black hole that can result from
the gravitational collapse. This prompted us to seek
axisymmetric generalization of the metric (2) or finding a
Kerr-like metric, namely a rotating Kalb-Ramondmetric,
and to test it with the astrophysical observations. We
discuss the various black hole properties including the
horizons structure, the static limit surfaces, calculate
the corresponding conserved quantities and establish
the Smarr formula. We probe the Kalb-Ramond field
signatures in the black hole spacetimes considering the
available astrophysical observations. Then, we study the
photon motion in the rotating Kalb-Ramond black hole
spacetime, as they play crucial roles in determining the
strong gravitational field features, such as gravitational
lensing and shadow. Further, the Gauss-Bonnet theorem
is utilized to elaborately discuss the gravitational lensing
of light and analytically calculate the deflection angle in
the weak field limit caused by the rotating Kalb-Ramond
black hole, considering source and observer at the finite
distances from the black hole. The correction in the
deflection angle due to the presence of the Kalb-Ramond
field for the supermassive black hole Sgr A* at the
galactic center is estimated and found to be within the
resolution of today’s observational facilities. Moreover,
the recent observation of the M87* black hole shadow by
the Event Horizon Telescope (EHT) Collaboration has
facilitated direct probing of the near horizon regime and
offers unprecedented opportunity to test the nature of
strong gravity [14, 15]. We examine the viability of the
obtained rotating black hole in attributing the observed
asymmetry in the M87* black hole emission ring.
The organization of this paper is as follows. We
begin in Sect. II with the construction of the rotating
counterpart of the metric (2), namely the rotating
Kalb-Ramond metric. We also discuss generic features
of the black hole including horizon structures and static
limit surfaces. In Sect. III, we exploit the spacetime
isometries to deduce the conserved mass and angular
momentum of the rotating Kalb-Ramond black hole.
The discussion of black hole shadow and the effect of
the Kalb-Ramond field on the shape and size of shadows
are subjects of Sect. IV. In Sect. V, we set the premises
for the gravitational deflection of light in the stationary
spacetime and estimate the correction in the deflection
angle owing to the Kalb-Ramond field. Finally, we
summarize our main findings in Sect. VI.
II. ROTATING BLACK HOLE
Here, we find stationary and axisymmetric counterpart
of the spherically symmetric solution (2) governed by
four parameters M , Γ, a and a free parameter s (Kalb-
Ramond Paramter) that measures potential deviation
from the Kerr solution [13] and also generalizes the
Kerr-Newman solution [16], which in the Boyer-Lindquist
coordinates reads
ds2 = −
(
∆− a2 sin2 θ
Σ
)
dt2 +
Σ
∆
dr2
−2a sin2 θ
(
1− ∆− a
2 sin2 θ
Σ
)
dt dφ+Σ dθ2
+ sin2 θ
[
Σ + a2 sin2 θ
(
2− ∆− a
2 sin2 θ
Σ
)]
dφ2,(3)
with
∆ = r2+a2−2Mr+ Γ
r−2(s−1)/s
, Σ = r2+a2 cos2 θ, (4)
and a is the spin parameter. The metric Eq. (3) reverts
to Kerr black holes as the special case s → 0, to
Kerr-Newman black holes for s = 1, and to spherically
symmetric black holes (2) when only (a = 0). For
definiteness, we call the four parameters metrics (3)
as rotating Kalb-Ramond black holes, which contain
all known stationary black holes of general relativity.
Interestingly, like the Kerr spacetime, the rotating
Kalb-Ramond black hole spacetime metric (3) still
possesses the time-translational and rotational invariance
isometries, which, respectively, entail the existence of two
Killing vector fields ηµ(t) =
(
∂
∂t
)µ
and ηµ(φ) =
(
∂
∂φ
)µ
.
The event horizon is a null stationary surface,
characterized by the zero expansion for congruence of
outgoing null geodesics orthogonal to the surface [17, 18].
The outward normal to such surfaces is proportional
to ∂µr, therefore, horizons are defined by the surfaces
gµν∂µr∂νr = g
rr = ∆ = 0, and thus their radii are zeros
of
r2 + a2 − 2Mr + Γ
r−2(s−1)/s
= 0. (5)
For the special case s = 1, Eq. (5) reduces to
r2 + a2 − 2Mr +Q2 = 0, (6)
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FIG. 1: The behavior of horizons with varying black hole parameters a,Γ and s. Black solid line corresponds to the extremal
black hole with degenerate horizons.
where Γ is identified as the charge Q2, and solutions
of above equation give radii of horizons for the Kerr-
Newman black hole given by
r± =M ±
√
M2 − a2 −Q2. (7)
A numerical analysis of Eq. (5) reveals that it has
maximum two real positive roots, corresponding to the
inner Cauchy horizon (r−) and outer event horizon (r+),
such that r− ≤ r+ (cf. Fig. 1). Two distinct real
positive roots of ∆ = 0 infers the nonextremal black hole,
while no black hole in the absence of real positive roots
of Eq. (5), i.e., no horizon exists. There exist particular
value of parameter, s = se, for which an extremal black
hole occurs, such that Eq. (5) admits double root, i.e.,
when the two horizons coincide r− = r+ = re. We
have explicitly shown that for fixed values of a and Γ,
r+ decreases and r− increases with increasing s and
eventually coincide for the extremal value of s, i.e.,
r− = r+ = re for s = se (cf. Fig. 1). Horizon radii
vary in a similar way with increasing a and Γ. Moreover,
the numerical analysis infers that it is possible to find
extremal values of parameters a = ae for fixed s and
Γ, and Γ = Γe for fixed a and s, for which algebraic
equation ∆ = 0 has double roots as depicted in Fig. 1.
Figure 1 also shows that for the fixed values of M and
a, the event horizon radii for the rotating Kalb-Ramond
4black hole are smaller as compared to those for the Kerr
black hole.
The static observers in the stationary spacetime
follow the worldline of timelike Killing vector ηµ(t), such
that their four-velocity is uµ ∝ ηµ(t) with the proper
normalization factor. These observers can exist as long
as ηµ(t) is time-like, such that η
µ
(t)ηµ(t) = gtt = 0 or
r2 + a2 cos2 θ − 2Mr + Γ
r−2(s−1)/s
= 0, (8)
defines the boundary of static limit surface (SLS), which
apart from black hole parameters also depends on θ and
coincide with the event horizon only at the poles. For
the particular case s = 1, Eq. (8) corresponds to the
Kerr-Newman black hole as
r2 + a2 cos2 θ − 2Mr +Q2 = 0, (9)
and admits the solutions
r±SLS =M ±
√
M2 − a2 cos2 θ −Q2,
which can be identified as the SLS radii for the Kerr-
Newman black hole. Equation (8) is solved numerically
and behavior of static limit surfaces is shown in Fig. 2.
It is clear from Fig. 2, that radii of SLS decreases with
increasing Γ and a. The two SLS, corresponding to the
real positive roots of Eq. (8), get coincide for suitably
chosen parameters. However, these extremal values are
different from those for the degenerate horizons. For
fixed values of M and a, the SLS radii for the rotating
Kalb-Ramond black holes are smaller than the Kerr black
hole values. Likewise the Kerr black hole, apart from
∆ = 0, which is merely a coordinate singularity, rotating
metric (3) is also singular at Σ = 0, which attributes to
a ring shape physical singularity at the equatorial plane
of center of black hole with radius a.
Zero angular momentum observer (ZAMO) are the
stationary observers with zero angular momentum with
respect to the spatial infinity, but due to the frame
dragging they have the position dependent angular
velocity ω
ω =
dφ
dt
= − gtφ
gφφ
=
2Mar − Γa
r−2(s−1)/s
[(r2 + a2)2 − a2∆] , (10)
which increase as the observer approach the black hole
and eventually takes the maximum value at the event
horizon
Ω = ω|r=r+ =
2Mar+ − Γa
r
−2(s−1)/s
+
(r2+ + a
2)2
, (11)
such that observers are in a state of corotation with the
black hole. Here, Ω is the black hole angular velocity,
which in the limits, s = 0, reads
Ω =
a
r2+ + a
2
, (12)
and corresponds to the Kerr black hole value [18, 19].
III. KOMAR MASS AND ANGULAR
MOMENTUM
The mass and angular momentum attributed to the
stationary, asymptotically flat black hole spacetime
correspond to the conserved quantities associated with
the asymptotically time-like and space-like Killing
vectors fields, respectively, ηµ(t) and η
µ
(φ). Following
the Komar [20] definitions of conserved quantities, we
consider a spacelike hypersurface Σt, extending from the
event horizon to the spatial infinity, which is a surface
of constant t with unit normal vector nµ [19, 21]. The
two-boundary St of the hypersurface Σt is a constant t
and constant r surface with unit outward normal vector
σµ. The effective mass reads [20]
Meff = − 1
8pi
∫
St
∇µην(t)dSµν , (13)
where dSµν = −2n[µσν]
√
hd2θ is the surface element of
St, h is the determinant of (2× 2) metric on St and
nµ = −
δtµ
|gtt|1/2 , σµ =
δrµ
|grr|1/2 , (14)
are, respectively, timelike and spacelike unit outward
normal vectors. Thus mass integral Eq. (13) turned into
integral over closed 2-surface at infinity
Meff =
1
4pi
∫ 2φ
0
∫ φ
0
√
gθθgφφ
|gttgrr|1/2∇
tηr(t)dθdφ,
=
1
4pi
∫ 2φ
0
∫ φ
0
√
gθθgφφ
|gttgrr|1/2
(
gttΓrtt + g
tφΓrtφ
)
dθdφ.(15)
Using the metric elements Eq. (3), we obtain the effective
mass of rotating Kalb-Ramond black hole
Meff =M+
1
2ras
(
(r2 + a2)(s− 2) tan−1
(a
r
)
− ars
) Γ
r−
s−2
s
,
(16)
which is clearly corrected due to the Kalb-Ramond field,
and goes over to the Kerr black hole case that is Meff =
M , when s = 0. For the special case s = 1, Eq. (16)
resembles the effective mass for the Kerr-Newman black
hole with Γ as the electric charge Q2 and reads [22]
Meff =M − Q
2
2r2a
(
(r2 + a2) tan−1
(a
r
)
+ ar
)
. (17)
The effective mass for the spherically symmetric Kalb-
Ramond black hole (a = 0) is obtained from Eq. (16)
and reads
Meff =M − 1
s
Γ
r−
s−2
s
,
which further reverts the values for the Reissner-
Nordstrom black hole as a special case s = 1
Meff =M − Q
2
r
,
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FIG. 2: The behavior of SLS with varying parameters a,Γ, s and θ = pi/4. The Black solid curve in each plot corresponds to
the degenerate SLS.
and Schwarzschild black hole Meff = M , when s = 0.
Now, we use the spacelike Killing vector ηµ(φ) to calculate
the effective angular momentum [20]
Jeff =
1
16pi
∫
St
∇µην(φ)dSµν , (18)
using the definitions of surface element, Eq. (18) recast
as
Jeff = − 1
8pi
∫ 2φ
0
∫ φ
0
∇µην(t)nµσν
√
hdθdφ,
=
1
8pi
∫ 2φ
0
∫ φ
0
√
gθθgφφ
|gttgrr|1/2
(
gttΓrtφ + g
tφΓrφφ
)
dθdφ.(19)
After performing the integration for the rotating Kalb-
Ramond black hole Eq. (3), this reads
Jeff = Ma+
Γ
4ra2s
1
r−
s−2
s
(
(r2 + a2)2(s− 2) tan−1
(a
r
)
− ((3s− 2)a2 + r2(s− 2)) ra), (20)
which identically vanishes in the limiting case of a = 0,
and for the particular case of s = 1 it reduces to
Jeff =Ma+
Γ(r2 − a2)
4ar
− Γ
4a2r2
(r2 + a2)2 tan−1
(a
r
)
,
(21)
which can be identified as the Kerr-Newman black hole
value [22]. In the asymptotic limits, r →∞, the effective
angular momentum Eq. (20) restore the value Jeff =Ma,
which corresponds to the value for the Kerr black hole.
Thus, the effects of the Kalb-Ramond field subsides at
very large distance from the black hole. Equations (16)
and (20) infer that at the finite radial distance the values
of the effective mass and angular momentum get modified
from their asymptotic values and depend on the sign of
Γ. In Fig. 3, we have shown the normalized effective mass
and angular momentum variation with radial distance r
for various values of black hole parameters. Such that,
at asymptotically large r, the normalized values become
a unity, as expected. It is clear that for fixed values
of a and s, the effective values of Meff/M and Jeff/Ma
decrease with increasing field parameter Γ. Whereas,
for fixed values of a and Γ, the effective mass and
angular momentum show diverse behavior with varying s.
Moreover, outside the event horizon, the effective angular
momentum of the black hole reduces with increasing
Kalb-Ramond field parameter s. Thus, for the rotating
Kalb-Ramond black hole, the values of effective mass and
effective angular momentum are smaller as compared to
those for the Kerr black hole.
Since it is well-known that the Killing vectors ηµ(t) or
ηµ(φ) are not the generators of the stationary black hole
horizon, rather it is their specific linear combination [19]
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FIG. 3: The behavior of effective mass and angular momentum vs r for different values of the parameters. Black solid curves
correspond to the Kerr-Newman black hole and red dots in each curve denote the locations of event horizon.
as
χµ = ηµ(t) +Ωη
µ
(φ), (22)
such that χµ is globally time-like outside the event
horizon, though it is Killing vector only at the horizon
[19]. The Komar conserved quantity at the event horizon
associated with χµ reads as [20]
Jχ = − 1
8pi
∫
St
∇µχνdSµν ,
= − 1
8pi
∫
St
∇µ
(
ηµ(t) +Ωη
µ
(φ)
)
dSµν . (23)
Using Eqs. (16) and (20), we obtain
Jχ = Meff − 2ΩJeff,
=
M(r2+ − a2)
(r2+ + a
2)
−
(
r2+ − (s− 1)a2
)
(r2+ + a
2)s
Γ
r
−(s−2)/s
+
.(24)
To understand the implication of the above conserved
quantity, we calculate the black hole horizon temperature
[19]
T+ =
κ
2pi
=
∆′
4pi(r2+ + a
2)
,
=
(r+ −M)
2pi(r2+ + a
2)
+
(s− 1)
2pis(r2+ + a
2)
Γ
r
−(s−2)/s
+
. (25)
Whereas entropy is defined as follow
S+ =
A
4
= pi(r2+ + a
2). (26)
Equations (24), (25) and (26) clearly infer that
Jχ =Meff − 2ΩJeff = 2S+T+. (27)
Therefore, the Komar conserved quantity corresponding
to the null Killing vector at the event horizon χµ is twice
the product of the black hole entropy and the horizon
temperature and hence satisfy the Smarr formula [23, 24].
IV. BLACK HOLE SHADOW
The light originating either from the luminous
background or the accretion disk surrounding the black
hole arrives in the vicinity of the event horizon, and
a part of it gets trapped inside the horizon while
another part escapes to infinity. This results in the
optical appearance of the black hole, namely the black
hole shadow encircled by the bright photon ring [25–
28]. Synge [25] in the pioneering work, calculated the
shadow cast by a Schwarzschild black hole, and thereafter
Bardeen [27] studied the shadow of Kerr black holes. In
the past decade, shadows have been extensively studied
7for varieties of black holes [29, 30]. Interestingly, it is
found that photon emission ring, the light rays that
orbit around the black hole many times before they
reach the distant observer, explicitly depends on the
spacetime geometry while largely remains independent
of the astrophysical details of accretion flow models [31–
33]. Thus the structure of the photon ring encompassing
the black hole shadow is a potential tool to testifies
the signatures of strong gravitational lensing of nearby
radiation and hence its shape and size can reveal valuable
information regarding the near-horizon field features of
gravity.
For this purpose, we study the motion of test particle in
a stationary and axially symmetric black hole spacetime,
which neglecting the back reaction is completely defined
by the four integral of motions: the particle rest mass
m0, total energy E , axial angular momentum L and the
Carter constant Q, related to the latitudinal motion of
the test particle [34]. Using these integrals of motion,
we obtained the null geodesics equation of motion in the
first-order differential form [19, 34]
Σ
dt
dτ
=
r2 + a2
∆
(E(r2 + a2)− aL)− a(aE sin2 θ − L),(28)
Σ
dr
dτ
= ±
√
R(r), (29)
Σ
dθ
dτ
= ±
√
Θ(θ), (30)
Σ
dφ
dτ
=
a
∆
(E(r2 + a2)− aL)− (aE − L
sin2 θ
)
, (31)
where τ is the affine parameter along the geodesics and
R(r) = ((r2 + a2)E − aL)2 −∆((aE − L)2 +K), (32)
Θ(θ) = K−
( L2
sin2 θ
− a2E2
)
cos2 θ, (33)
K stands for the separable constant which is related with
the Carter’s constant of motion Q = K + (aE − L)2
[19, 34]. For K = 0, photon motions are restricted only
to the equatorial plane. R(r) and Θ(θ) are related to
the effective potentials for the radial and the latitudinal
motion of the photon. Such that zeros of these potential
determine the turning point in the photon trajectories.
Let define the dimensionless impact parameters
η ≡ K/E2, ξ ≡ L/E , (34)
which characterize the null geodesics. Such that,
depending upon their values photons may undergo
scattering (η > ηc), capturing (η < ηc) and unstable
orbits (η = ηc), which are very crucial for the shadow
formation and indeed mark the shadow silhouette. Thus
on the observer’s celestial sky, the scattered photons
account for the bright region, whereas captured photons
attribute to the dark region. These unstable photon
orbits, of constant radii rp, witness continuum radial
turning points, i.e. r˙p = r¨p = 0 corresponding to the
extrema of effective potential
R|(r=rp) =
∂R
∂r
∣∣∣∣
(r=rp)
= 0 and
∂2R
∂r2
∣∣∣∣
(r=rp)
> 0, (35)
and form a photon region around the black hole. Further,
due to rotation of the black hole, photons can either
have prograde motion or the retrograde motion, whose
respective radii r−p and r
+
p can be obtained as zeros of
ηc = 0. For the Kerr black hole, the photon orbit radii
rp are
r−p = 2M
[
1 + cos
(
2
3
cos−1
[
−|a|
M
])]
,
r+p = 2M
[
1 + cos
(
2
3
cos−1
[ |a|
M
])]
, (36)
which for the Schwarzschild black hole (a = 0), takes the
degenerate value r−p = r
+
p = 3M . For the visualization of
the black hole shadow, one has to consider the projection
of the photon region into the image plane. The locus
of the shadow boundary is defined in terms of two
celestial coordinates α and β which by construction lie
in the celestial plane perpendicular to the line joining
the observer and the center of the black hole, and are
related to the photon four-momentum p(µ) measured in
the orthonormal-tetrad basis [27]. For an observer at
position (ro, θo), in the far exterior region of the black
hole, they read [28]
α = −ro p
(φ)
p(t)
, β = ro
p(θ)
p(t)
. (37)
On using geodesic Eqs. (28), (30) and (31), the celestial
coordinates yield
α = − ro ξc√
gφφ(ζ − γξc)
∣∣∣∣
(ro,θo)
,
β = ± ro
√
Θθ(θ)√
gθθ(ζ − γξc)
∣∣∣∣∣
(ro,θo)
, (38)
with
ζ =
√
gφφ
g2tφ − gttgφφ
, γ = − gtφ
gφφ
ζ. (39)
For an observer sitting in the asymptotically flat region
(ro → ∞), the celestial coordinates Eq. (38) can be
simplified as [27, 28]
α = −ξc csc θo, β = ±
√
ηc + a2 cos2 θo − ξ2c cot2 θo.
(40)
We further consider that the observer is perceiving black
hole at an inclination angle θ0 = pi/2. Using geodesic
Eqs. (31)-(29) and celestial coordinate (38), we obtain
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FIG. 4: Non-rotating Kalb-Ramond black hole shadows with varying parameters. Black solid line corresponds to the
Schwarzschild black hole shadow.
α =
1
a2[m(rp) + rp(−1 +m′(rp))]2
[
r3p(−r3p +m(rp)
(4a2 + 6r2p − 9m(rp)rp)
−2rp(2a2 + r2p − 3m(rp)rp)m′(rp)− r3pm′(rp)2)
]
,
β =
(a2 − 3r2p)m(rp) + rp(a2 + r2p)(1 +m′(rp))
a(m(rp) + rp(−1 +m′(rp))) , (41)
where for brevity, we have defined
m(r) =M − Γ
2r−(s−2)s
. (42)
For the non-rotating case, Eq. (41) yield
α2+β2 =
2r2p
[
4r2p − 12M2 − 3 Γ
2
r
−2(s−2)/s
p
+ 12M Γ
r
−(s−2)/s
p
]
(2M − Γ
r
−(s−2)/s
p
− 2rp)2
,
(43)
which clearly elucidates that for static spherically
symmetric Kalb-Ramond black hole metric the shadow
is circular in shape. For the Schwarzschild black hole
(a = 0, s = 0, rp = 3M), Eq. (41) reduces to
α2 + β2 = 27M2, (44)
and infer that the shadow radius is 3
√
3M . Taking
the unstable photon orbit radius rp as a parameter, the
parametric plot β vs α in Eq. (41) delineate the shadow
for the rotating Kalb-Ramond black hole. Shadows of
non-rotating Kalb-Ramond black holes are smaller than
those for the Schwarzschild black holes, and the shadow
size decrease with both increasing s and Γ. Shadows of
rotating Kalb-Ramond black holes for various values of
black hole parameters are shown in Fig. 5, which clearly
infer that the presence of the Kalb-Ramond field has a
profound influence on the apparent shape and size of the
shadow. For the characterization of shadows, we define
two astronomical observables, namely shadow area A and
oblateness parameter D [35, 36]
A = 2
∫
β(rp)dα(rp) = 2
∫ r+p
r−p
(
β(rp)
dα(rp)
drp
)
drp,
(45)
D =
αr − αl
βt − βb , (46)
where A and D, respectively, characterize the shadow
size and shape. In Fig. 6, the shadow observables A and
D are plotted with varying Γ for different values of s and
a and it is evident that increasing Γ gradually decreases
the shadow size whereas it increases the distortion (cf.
Fig. 6). The variation of A and D with spin parameter a
is shown in Fig. 7. Moreover, the shadows of the rotating
Kalb-Ramond black hole are smaller and more distorted
than the corresponding Kerr black hole shadow (Γ = 0
or s = 0). The black solid curve in Fig. 7 corresponds to
the Kerr black hole. For the estimation of the black hole
parameters, we plotted these shadow observables in the
(a,Γ) planes for different values of s in Fig. 8. This is
evident that each curve of constant A and D intersects
at a unique point, which gives the value of black hole
parameters a and Γ.
The EHT Collaboration [37] using the Very Large
Baseline Interferometry technique has recently observed
the central compact emission region of the galactic center
of M87 at the 1.3 mm wavelength, thereby opening a
new window to test gravity in the strong-field regime
[14, 15]. The central flux depression by & 10 : 1 and the
asymmetric emission ring of crescent diameter 42± 3µas
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FIG. 5: Plot showing the rotating Kalb-Ramond black hole shadows with varying parameters.
in the captured image of M87* provide direct evidence
of the black hole shadow, which is consistent with the
predicted image of Kerr black hole in general relativity.
[14, 15]. The observed shadow of M87* black hole has
been used to constrain or rule our various black hole
models in general relativity as well in modified gravities
[38]. We can use the relevant shadow observable, the
asymmetry parameter ∆C, to constrain the parameter
space of rotating Kalb-Ramond black hole. The shadow
boundary can be described by a one-dimensional closed
10
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curve characterized by the radial and angular coordinates
(R(ϕ), ϕ) in a polar coordinate system with the origin at
the shadow center (αC , βC). The shadow average radius
R¯ is defined by [32]
R¯ =
1
2pi
∫ 2pi
0
R(ϕ)dϕ, (47)
with
R(ϕ) =
√
(α− αC)2 + (β − βC)2, ϕ ≡ tan−1
(
β
α− αC
)
.
The circularity deviation ∆C measures the deviation
from a perfect circle and defined in terms of the root-
means-square distance from the average radius [32, 33]
∆C = 2
√
1
2pi
∫ 2pi
0
(
R(ϕ)− R¯)2 dϕ, (48)
such that for a perfect circular shadow, ∆C identically
vanishes. Tracing the emission ring, the EHT deduced
that the circularity deviation in the observed image of
the M87* black hole is ∆C ≤ 0.10 [14]. We calculate the
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FIG. 9: Shadow asymmetry parameters ∆C as a function of (a,Γ) for the rotating Kalb-Ramond black hole. Black solid line
corresponds for the ∆C = 0.10.
circularity deviation for metric Eq. (3) and use the EHT
bound to put constraints on the black hole and Kalb-
Ramond field parameters. The interplay between spin a
and field parameters Γ and s is shown in Fig 9.
V. GRAVITATIONAL DEFLECTION OF LIGHT
Gibbon and Werner [39] used the Gauss-Bonnet
theorem, which connects the differential geometry of
the surface with its topology, in the context of optical
geometry to calculate the deflection angle of light in a
spherically symmetric black hole spacetime [40]. Later,
Ishihara et. al. [41], taking into account the finite
distance from the black hole to a light source and
an observer, calculate the light deflection angle in
static, spherically symmetric and asymptotically flat
spacetimes, which is generalized by Ono et. al. [42] for
the stationary and axisymmetric spacetimes. We follow
their approach to calculate the light deflection angle in
the weak-field limit caused by the rotating Kalb-Ramond
black hole. We assume that both the observer (O) and
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the source (S) are at the finite distance from the black
hole (L) (cf. Fig. 10). The deflection angle at the
equatorial plane can be defined in terms of the angle
made by light rays at the source and observer ΨS and
ΨO, respectively, and their angular coordinate separation
ΦOS [42]
αD = ΨO −ΨS +ΦOS . (49)
Here, ΦOS = ΦO − ΦS , where ΦO and ΦS are,
respectively, the angular coordinates of the observer and
the source. We consider a 3-dimensional Riemannian
manifold (3)M defined by optical metric γij , in which
the photon motion is described as a spatial curve [39].
To calculate the deflection angle using Gauss-Bonnet
theorem, we consider a quadrilateral ∞O 
∞
S , the domain
of integration, embedded in the curved space (3)M which
consist of spatial light ray curve from source to the
observer, a circular arc segment Cr of coordinate radius
rC (rC →∞), and two outgoing radial lines from O and
from S (cf. Fig. 10). The Gauss-Bonnet theorem yield
the geometrically invariant definition as follow [42]
αD = −
∫ ∫
∞
O 
∞
S
KdS +
∫ O
S
kgdl, (50)
where K is the Gaussian curvature of the two-
dimensional surface of light propagation, kg is the
geodesic curvature of light curves, a measure for the
deviation of curve from the geodesics. dS and dl are,
respectively, the infinitesimal area element of the surface
and arc length element. Since Eq. (50) is invariant in
differential geometry, αD is well-defined even if focal
point L is a singularity [41]. For the null geodesics
ds2 = 0, we get
dt = ±
√
γijdxidxj +Nidx
i, (51)
with
γijdx
idxj =
Σ2
∆(∆− a2 sin2 θ)dr
2 +
Σ2
∆− a2 sin2 θ dθ
2
+
(
r2 + a2 +
2m(r)ra2 sin2 θ
∆− a2 sin2 θ
)
Σ sin2 θ dφ2
(∆− a2 sin2 θ) ,
Nidx
i = −2m(r)ar sin
2 θ
∆− a2 sin2 θ dφ. (52)
Optical (or spatial) metric defined in this way gives the
arc length (l = γijdx
idxj), where l is the affine parameter
along the light curve [43]. The deflection angle αD
defined in Eq. (50) has contribution from the curvature
of surface of light propagation (3)M and the geodesics
curvature of light curves as well. The Gaussian curvature
of the surface is defined as [44]
K =
3Rrφrφ
γ
,
=
1√
γ
(
∂
∂φ
(√
γ
γrr
(3)Γφrr
)
− ∂
∂r
(√
γ
γrr
(3)Γφrφ
))
,(53)
FIG. 10: Schematic figure for the quadrilateral ∞O 
∞
S
embedded in the curved space. The light emitted by the
source S gets deflected by the black hole L and reaches the
observer O.
where γ = det(γij). For a generic rotating and axially
symmetric metric Eq. (3), the Gaussian curvature K is
computed as
K =
−1
6r5(r − 2m(r))
(
6r2 (r − 2m(r)) (∆ + a2)m′′(r)
+6rm′(r)(rm′(r) −m(r))(∆ + 5a2) + 6rm(r)2
−(7r2 + a2)m(r) + 2r(r2 + 3a2)
)
, (54)
using the Kalb-Ramond black hole mass function defined
in Eq. (42) and considering a special case of s = 1,
Eq. (54) yields
K =
3Γ
r4
+
2Γ2
r6
+
8Γa2
r6
− 3Γ
3
2r8
− 6Γ
2a2
r8
−
( 2
r3
+
6Γ
r5
+
6a2
r5
− 12Γa
2
r7
+
7Γ2
r7
)
M +
( 3
r4
− 6a
2
r6
− 10Γ
r6
)
M2
+
(
4
r5
− 6Γ
r7
)
M3 +
2M4
r6
+O
(
M5
r7
)
. (55)
A fully consistent analytic treatment of the metric
Eq. (3) will involve an expansion in the powers of (1/r),
which will lead to very complicated expression. We
exclusively work in the weak-field limit ensuring that
it capture all the effects of the Kalb-Ramond field and
consider only the leading order contributing terms. The
surface integral of Gaussian curvature over the closed
quadrilateral ∞O 
∞
S reads [42]∫ ∫
∞
O 
∞
S
KdS =
∫ φO
φS
∫ r0
∞
K
√
γdrdφ, (56)
where r0 is the distance of closest approach to the black
hole. The boundary of integration domain, namely the
curve from S to O in the quadrilateral ∞O 
∞
S , is unknown
a priori, hence we first obtain the light orbit equation
using Eqs. (29) and (31), that reads
(
du
dφ
)2
= F (u), (57)
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with
F (u) =
u4∆2
((
(1 + a2u2)− ab)2 −∆u4(a− b)2)(
a ((1 + a2u2)− ab)−∆u4(a− b)
)2 ,
(58)
where u = 1/r, and b ≡ ξ is the impact parameter. In
the weak field approximation, we obtain the solution u =
(sinφ)/b+O(M,M2) [42], and the integral Eq. (56) can
be recast as
∫ ∫
∞
O 
∞
S
KdS =
∫ φO
φS
∫ sinφ
b
0
−K
√
γ
u2
dudφ, (59)
which for the rotating metric Eq. (52) reads as
∫ ∫
KdS =
(
cos−1 buo + cos
−1 bus
) (− 3Γ
4b2
− 3Γa
2
4b4
+
15Γ2
64b4
− 15M
2
4b2
− 9M
2a2
4b4
+
129M2Γ
32b4
+
1355M2Γ2
256b6
)
+
(√
1− b2u2o +
√
1− b2u2s
)(2M
b
+
4Ma2
3b3
− 16MΓ
3b3
− 24MΓa
2
5b5
+
40M3
9b3
+
168M3a2
25b5
)
+
(
uo
√
1− b2u2o + us
√
1− b2u2s
)(
− 3Γ
4b
− 3Γa
2
4b3
+
15Γ2
64b3
+
5Γ2a2
8b5
− M
2
4b
+
63M2Γ
32b3
− 1355M
2Γ2
256b5
+
9M2a2
4b3
)
+
(
u3o
√
1− b2u2o + u3s
√
1− b2u2s
)(
− Γa
2
2b
+
5Γ2
32b
+
5Γ2a2
12b3
− 11ΓM
2
16b
+
3M2a2
2b
)
+
(
u2o
√
1− b2u2o + u2s
√
1− b2u2s
)(MΓ
3b
+
2Ma2
3b
+
17MΓ2
75b3
− 12MΓa
2
5b3
+
84M3a2
25b3
− 7M
3
9b
+
138M3Γ
25b3
)
+ O
(
M2a2Γ2
b8
,
M4
b4
)
. (60)
Here, uo and us are, respectively, the inverse of
the ro and rs, the distances of observer and source
from the black hole, and we have used cosφo =
−√1− b2u2o, cosφs = √1− b2u2s. Interestingly, no
linear term in a appear in Eq. (60), thus the contribution
from the Gaussian curvature is insensitive to the
direction of black hole rotation. Next, we calculate
the geodesic curvature of the light curves, which is the
surface-tangential component of the acceleration of the
parameterized curve, and given by
kg = − 1√
γγθθ
Nφ,r. (61)
For the metric (52), this reads
kg = −2Ma
r3
− 2M
2a
r4
+
2aΓ
r4
− 3M
3a
2r5
+
3MaΓ
r5
−aΓ
2
r6
+
3M2aΓ
r6
+
66M4a
r6
+O
(
MaΓ2
r7
,
M3aΓ
r7
)
(62)
which identically vanishes for the non-rotating black hole.
For the path integral of the kg along the light curve,
we consider a coordinate system centered at the black
hole, and approximate the light curve as r = b/cosϑ and
l = b tanϑ [42]. It is worthwhile to note that the geodesic
curvatures of the curves from S to S∞ and from O to O∞
in Fig. 10 are both zero since these paths are geodesics.
Whereas kg is the geodesic curvature of the photon rays
from S to O which is a spatial curve. This leads to
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∫ O
S
kgdl =
(
cos−1 buo + cos
−1 bus
) (aΓ
b3
− aM
2
b3
− 3aΓ
2
8b5
+
9M2aΓ
8b5
)
+
(√
1− b2u2o +
√
1− b2u2s
)(
− 2Ma
b2
+
2MaΓ
b4
− MaΓ
2
b6
− M
3a
b4
− 88M
3aΓ
b6
)
+
(
uo
√
1− b2u2o + us
√
1− b2u2s
)(aΓ
b2
− M
2a
b2
− 3aΓ
2
8b4
+
15aΓ3
128b6
+
9M2aΓ
8b4
+
1485M2aΓ2
32b6
)
+
(
u2o
√
1− b2u2o + u2s
√
1− b2u2s
)(MaΓ
b2
− MaΓ
2
2b4
− M
3a
2b2
− 44M
3aΓ
b4
)
+
(
u3o
√
1− b2u2o + u3s
√
1− b2u2s
)(
− 3aΓ
2
4b2
+
5aΓ3
64b4
+
3M2aΓ
4b2
+
495M2aΓ2
16b4
)
+
(
u4o
√
1− b2u2o + u4s
√
1− b2u2s
)(
− 3MaΓ
2
8b2
− 33M
3aΓ
b2
)
+
(
u5o
√
1− b2u2o + u5s
√
1− b2u2s
)( aΓ3
16b2
+
99M2aΓ2
4b2
)
+O
(
M2a2Γ2
b8
,
M4
b4
)
. (63)
Here, we have assumed that dl > 0 such that the orbital
angular momentum of the photons is aligned along the
black hole spin, for otherwise case, dl < 0 can be taken
which will leads to an extra -ve sign in Eq. (63). Using
Eqs. (60) and (63) in Eq. (50), we obtain the analytical
expression for the gravitational deflection angle of light in
the rotating Kalb-Ramond black hole spacetime Eq. (3),
which leads to very lengthy expression. Nevertheless, in
the asymptotic limits, uo → 0 and us → 0, the deflection
angle for the rotating Kalb-Ramond black hole takes
rather simpler form as follow
αD = αD|Kerr +
(
− 3pi
4b2
+
api
b3
− 3pia
2
4b4
+
15piΓ
64b4
− 3piaΓ
8b5
+
5pia2Γ
8b6
+
15piaΓ2
128b7
)
Γ +
(
− 32
3b3
+
4a
b4
− 48a
2
5b5
+
68Γ
75b5
− 2aΓ
b6
)
MΓ +
(
− 129pi
32b4
+
9pia
8b5
− 1355piΓ
256b6
+
1485piaΓ
32b7
)
M2Γ +
( 552
25b5
− 176a
b6
)
M3Γ
+
135pia
8b7
M4Γ +O
(M5a
b6
,
M5aΓ
b8
)
, (64)
where αD|Kerr is identified as the Kerr deflection angle
and reads as [42]
αD|Kerr =
(
4
b
− 4a
b2
+
8a2
3b3
)
M +
(15pi
4b2
− api
b3
+
9pia2
4b4
)
M2 +
(
− 2a
b4
+
80
9b3
+
336a2
25b5
)
M3
+
( 21pi
64b4
+
99pia
4b5
)
M4 − 96a
5b6
M5
+O
(
M6
b6
,
M6a
b7
)
. (65)
The deflection angle for the nonrotating Kalb-Ramond
black hole can be obtained as a special case of a = 0
Γ a = 0.1 a = 0.3 a = 0.5 a = 0.7 a = 0.9
0.1 0.0486188 0.0486058 0.0485929 0.04858 0.0485671
0.3 0.145856 0.145818 0.145779 0.14574 0.145701
0.5 0.243094 0.243029 0.242965 0.2429 0.242835
0.7 0.340331 0.340241 0.34015 0.34006 0.33997
0.9 0.437569 0.437452 0.437336 0.43722 0.437104
1.1 0.534806 0.534664 0.534522 0.53438 0.534238
TABLE I: The corrections in the deflection angle δαD =
αD|Kerr − αD for the Sgr A* with b = 10
3M , rs = 10
5M ,
s = 1 and varying Γ and a; δαD is in units of as.
from Eq. (64)
αD =
(
− 3piΓ
4b2
+
15piΓ2
64b4
)
+
(4
b
− 32Γ
3b3
+
68Γ2
75b5
)
M
+
(15pi
4b2
− 129piΓ
32b4
− 1355piΓ
2
256b6
)
M2
+
( 80
9b3
+
552Γ
25b5
)
M3 +
21pi
64b4
M4 +O
(
M5
b5
)
.(66)
which further reverts the value for the Schwarzschild
black hole in the limiting case of Γ = 0 [45] as
αD|Schw =
4M
b
+
15piM2
4b2
+
80M3
9b3
+
21piM4
64b4
+O
(
M5
b5
)
.
(67)
Setting up the premises for the gravitational lensing,
next we discuss the possible astronomical implications
of the rotating black holes in the presence of Kalb-
Ramond field background. We aim to compare the
lensing predictions of the rotating Kalb-Ramond black
hole (3) with those for the Kerr and Schwarzschild black
holes. We consider that the light coming from a distant
source gets deflected from the Sgr A* black hole at
the galactic center (M = 4.6 × 106M⊙, d = 8.3 kpc)
and reached the observer at the Earth. In this case,
the observer distance d is much larger than the impact
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Γ a = 0.1 a = 0.3 a = 0.5 a = 0.7 a = 0.9
0.1 0.130854 0.295279 0.45966 0.623997 0.78829
0.3 0.228092 0.392491 0.556846 0.721157 0.885424
0.5 0.325329 0.489702 0.654032 0.818317 0.982558
0.7 0.422567 0.586914 0.751217 0.915477 1.07969
0.9 0.519804 0.684126 0.848403 1.01264 1.17683
1.1 0.617042 0.781337 0.945589 1.1098 1.27396
TABLE II: The corrections in the deflection angle δαD =
αD|Schw −αD for the Sgr A* with b = 10
3M , rs = 10
5M and
s = 1; δαD is in units of as.
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FIG. 11: Correction in the deflection angle δαD = αD|Kerr −
αD for rotating Kalb-Ramond black hole with s = 1, a = 0.5
and varying b.
parameter of light, whereas a source star may live in
the bulge of our Galaxy. Therefore, even though the
source can be still in the weak field regime, we have
to take account of finite-distance corrections that we
have discussed in the paper. We calculate the light
deflection angle and estimate the corrections from the
Schwarzschild (a = Γ = s = 0) and the Kerr (s = 0)
black holes. Tables I and II summarize these corrections,
respectively, δαD = αD|Kerr−αD and δαD = αD|Schw−
αD, in deflection angle for various values of black hole
parameters and ro = ∞ and rs = 105M . One could
see from Tables I and II that the presence of the Kalb-
Ramond field significantly lower the deflection angle as
compared to that for the Schwarzschild or Kerr black
holes, and the order of correction is as which is within the
resolution of today’s observational facilities. The Kalb-
Ramond field parameter Γ gets non-trivially coupled
with the black hole rotation parameter a, such that for
fixed values of Γ and b the correction in deflection angle
from the Kerr black hole decrease with increasing a (cf.
Table I). Nevertheless, αD increases with increasing Γ
and non-rotating black hole cause larger deflection angle
as compared to the rotating one. This is because in
the rotating spacetimes, the local inertial frame dragged
along the black hole rotation, and it takes a shorter time
for the light ray to feels the gravitational pull. In Fig. 11,
we have shown how the difference in the deflection angle
δαD = αD|Kerr − αD vary with dimensionless impact
parameter b/M for different values of Γ. As the impact
parameter b increases, the correction in the deflection
angle due to the Kalb-Ramond field get subside.
VI. CONCLUSION
The detection of the Kalb-Ramond field, which
appears as closed string excitations in the heterotic
string spectrum, may provide profound insights to
our understanding of the current Universe [1, 9, 10].
The gravity when non-minimally coupled to the Kalb-
Ramond field admits spherically symmetric hairy black
holes [12]. We derived the rotating counterpart of
this solution, i.e., rotating Kalb-Ramond black hole.
The derived Kerr-like black hole has an additional
Kalb-Ramond parameter s besides mass M and spin
parameters a. The Kalb-Ramond field produces
a hair that changes the structure of the rotating
black hole through an extra term in metric (3).
Obviously, this rotating Kalb-Ramond black hole metric
is asymptotically flat and encompasses Kerr (s = 0),
Kerr-Newman (s = 1), Reissner-Norstrom (s = 1, a = 0),
and Schwarzschild (s = 0, a = 0) black holes. The
rotating Kalb-Ramond black hole, like Kerr black hole,
still admits the Cauchy and event horizons, as well as the
SLS. However, the radii of horizons and SLS decrease
due to s, and the ergosphere is also effected, thereby
can have interesting consequences on the astrophysical
Penrose process.
Despite the complicated rotating metric (3), using
the Komar prescription, we analytically derived the
exact expressions for conserved mass Meff and angular
momentum Jeff, valid at any radial distance. Further, the
presence of the Kalb-Ramond field significantly altered
these conserved quantities as compared to those for the
Kerr black hole, which is restored in the limit s = 0;
Meff and Jeff decrease with increasing Γ or s for fixed
values of other parameters. Nevertheless, the effect of the
Kalb-Ramond field gets subsided at far distances from
the horizon, as at asymptotically large r (r → ∞) Meff
and Jeff take the values for the Kerr black hole. We
further calculate the conserved quantity attributing to
the generator of the event horizon to derive an interesting
and important feature of the rotating black hole, namely
the generalized Smarr formula.
Considering the observer and the source at the finite
distance from the black hole, the analytical expression for
the deflection angle in the weak-field limit is deduced and
also the higher-order correction terms to the deflection
angle for the Schwarzschild and Kerr black holes due to
the Kalb-Ramond field are calculated. We illustrated
that the presence of the Kalb-Ramond field leads to
the smaller deflection angle as compared to Kerr and
Schwarzschild black holes values. This change in the
deflection angle, for the supermassive black hole Sgr
A* and the light coming from the star source in the
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bulge of Galaxy, is as large as a few arcseconds, thus
feasibly measurable with the present-day astronomical
observations. For fixed values of black hole parameters
(M,Γ, s) and impact parameter b, non-rotating Kalb-
Ramond black holes are found to cause a larger deflection
angle in contrast to the rotating black holes.
We also discussed the effects of the Kalb-Ramond
field on the black hole shadows, an extreme case of
gravitational lensing. It is found that the shadows of
rotating Kalb-Ramond black holes become smaller and
more distorted with increasing field parameter s. The
shadow observables, namely area A and oblateness D are
used to characterize the size and shape of the shadows
and thus in turn to extract the values of black hole
parameters. The recent shadow observational results
of M87* black hole are used to put constraints on the
Kalb-Ramond field parameter in the supermassive black
hole context. More severe constraints can be expected
by taking into accounts the surrounding accretion disk.
The study of energy extraction and particle production
rate in the rotating Kalb-Ramond black hole spacetime
are being considered for future projects. It will also
be interesting to investigate the stability of obtained
rotating solution against the scalar perturbations in
context of the gravitational wave observational data.
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